| AD

RSIC-813

NUMERICAL SOLUTION OF HYPERBOLIC EQUATIONS
AND SYSTEMS BY A METHOD
OF THE RUNGE-KUTTA TYPE. Il

by

Nguyen Kong Tuy

o Vestsi Akademii Navuk Beloruskoy SSR, Seryya
OPRICE 3 S Fizika Matematychnykh Navuk, No. 1,

pp. 60-66, 1966.

ARy June 1968

This document has been approved for public
release and sale; its distribution is uniimited.

'\l»

R NE SL NTIFIC INF’“‘MATI wENTER
REDSTONE ARSENAL, ALABAMA .

R

JOINTLY SUPPORTED BY

U.S. ARMY MISSILE COMMAND

GEORGE C. MARSHALL SPACE FLIGHT CENTER

o — ——

o AR e T e ET

2 (ACCISSION WNUMEER: {THRYU
=

o

)

-~ o 14

>

jand

C  NETE TR BT Tk BE an Rlmar ' ATeoR:
< AHSA CR T/aX OR A NUM3IER CATIGORY

FORM AMSMI-R-78, 1 NOV 65



DISPOSITION INSTRUCTIONS

Destroy this report when it is na longer needed.
Do not return it to the originator.

DISCLAIMER

The findings Iin this report are not to be construed as
an official Department of the Army position unless so
designated by other authorized documents.



24 June 1968 RSIC-813

NUMERICAL SOLUTION OF HYPERBOLIC EQUATIONS

AND SYSTEMS BY A METHOD
OF THE RUNGE-KUTTA TYPE. Il

by

Nguyen Kong Tuy

Vestsi Akademii Navuk Belaruskay SSR, Seryya
Fizika Matematychnykh Navuk, No. 1,
pp. 60-66, 1966.

Translated from the Russian

This document has been approved for public
release and sale; its distribution is unlimited.

T ranslation Branch
Redstone Scientific Information Center
Research and Development Directorate

U.S. Army Missile Command
Redstone Arsenal, Alabama 35809



NUMERICAL SOLUTION OF HYPERBOLIC EQUATIONS
AND SYSTEMS BY A METHOD OF THE
RUNGE-KUTTA TYPE. I

by

Nguyen Kong Tuy

In the first part of the article the two-iteration algorithms of the Runge-
Kutta type were applied to the solution of the Cauchy problem for hyperbolic
equations and systems with two independent variables, where the initial data
are given along the line segment x + y = const,

In the second part of this article an analogous problem is discussed for
one equation with Cauchy data along the curve segment.

Below are used designations of the article [1] and the numbering of its
paragraphs, formulas and figures is continued.

6. Statement of the Problem

Let there be an equation

- 41
uxy f(x,y,u,p,q) (41)

(u is an unknown function of x,y; p = u.,q= uy)with initial conditions given
along the segment AB of a certain curve T in the form of:

u’ =u'(x), p'=p"®, == ; (42)
u’, p’, ¢°, f are assumed to be continuous and differentiable a sufficient number
of times, The term I'; is assumed to be a sufficiently smooth line given in the
form

y = y'(x) or x=x"(y) , (43)

while x°(y), y’(x) are decreasing functions.



Let us construct in the region of ABC of the definition of the solution a
grid in the following (Figure 3). Let us subdivide AC into sufficiently small
intervals of length h; from the points of division we will plot straight lines
parallel to the axis Oy, and from their intersections with I';, those parallel to
the axis Ox, and we will distribute the nodes of the grid according to layers. We

th
will connect the nodes of the n~ layer by the curve Fn. The curve I‘n can be

considered a segment of the initial curve I'; displaced by nh in the direction Ox
so that we have the equation Fn in the form

y(x) =y (x -nh) =y'(z) , z=x-nh.

th .
In making calculations of the n* layer we will use, for simplicity, the equation

of the curve Fn 1 in the form (43), and we will denote the earlier found values

u, p, g in the nodes of the (n - l)st layer, as well as the initial data, hy
0 .0 0
u, p,q.
For an elementary curvilinear triangle MNP of the grid with vertices
M(xy,y1), N(X = x4 + h, y, = yo(x1 + h)) onthe (n - 1)St layer and the

vertex P(X,,yy) on the nth layer (Figure 4), the following relationships are
known:

X1 + h
wP) = u'(x) + [ pxax + [fFx,y)dxdy , (44.2) _
X1
YO(X1)
p(P) = p'(x,y) + [ Fixq + hydy (44.D)
v’ (% + h)
Xl + h
a(P) = o’(x) + [ Fx,ypdx , (44.c)
X1

where the multiple integral in (44.a) is taken over the region MNP. As in (1],
for the increments A*u = (P) - u(M), A*p = p(P) - p(M), A*q = q(P)
- q(M), by using (44) we can find expansions in powers of h at the point M:
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2 0 3 d2 0
AXy = hpO(X1) _+__h_ dp (Xl) +£_ P (xl)

2! dx 3! dx?
h2 dy Xl) h3 d2 0
or dx 2 F(M)
3 0 0
_Bdyix) 0RO L dy'(x) BFEM) ()
3! dx 9x dx ay ’
(45.a)
dp’(xy) , h* dp'(x)) dy’ (x4)
£ —_— - —
A¥p = h ——= —a 2! = h o F (M)
"o Taxr T - 5T T
pF(M)  dy’(x) 8F(M) 3
><<2 T T 3y + O(hd) (45.b)
_ h? 9F (M) ;
A*q = hF(M) +—2—!- Tax O(h’) . (45.c¢)

We set forth the problem of the construction of algorithms of the Runge-
Kutta type which give approximate values of the transformations Au, Ap, Aq.



7. Formal Algorithms of the Runge-Kutta Type

Xy * h
We will denote [ p(x)dx = I(h). (For calculations of I(h)
Xy
see Paragraph 4)., We introduce values of k:

k = k(h) = y*(xy) - y'(x; + h) (h = 0)

Upon the assumption that yo(x) is a decreasing function, the values of k
will be positive. In Figure 4, k(h) is equal to the length of NP. (Construction
of the grid in Paragraph 6 and introduction of values of k(h) is borrowed
from [2]. From the determination of k(h) we have:

dk dy?
k(b) = o), Kk(0) =S - )
h=0
2.0
k' (0) - dy (zxi) (46)
dx

Assume

bk 1 dy(x)

S =
2 12 dx?

Let us note that S is equal to the area of the curvilinear triangle MNP,
correct to the order 0(h'),

At the first iteration we assume that:

u' = u’(xy) + I(h) + SF; ,

F{ = wwF(M) + r{F(N) , w1, T4 =0 , wy +t T =1, (47.a)
p! = p’(x,) + kKF} , F; = F(N) , (47.b)
q = q%x) + hFT , Fy = F(M) . (47.¢)

We form the elementary increments:

Alu = ot - uo(xi)

p' - pl(xy) ; (47.4)

Db—d
=}
Il

q' - q"(xq)

DD—A
(e}
il




ola = u! - u(xy)

o'p = p' - p’(xy) . (47. e)
1

6'q = o' - q’(xy)

Furthermore, we introduce the intermediate points M%(j = u,q),

N3(j = u,p)
M) = <X1 sphs oy ol wlxy) + lalu
px) + falp s dx) +ylala) (48.2)
N% = (xz + p_jh ; Vo t o_jk ; uo(xz) + a_jdlu ;
Px) <76 1 qlx) + v'jéiq) : (48.D)
where pj, oj, o j, cees y_j are numerical parameters.

At the second iteration we assume that:

u? = u’(xq) + I(h) + SF, ,

Fy, = w2F<M;1> + T2F<Nl21> ; wy, T =0 wyg + T9 =1, (49.,23)
p? = p¥(x,) + kF; Fy = F(N§> , (49.b)
q* = q"(xy) + hFy , F, = F<M§> , (49.¢)

Alu = u? - u°(x1) ,

p? - plix) ,\ . (49.d)

>
[ad

o
I

@ - q"(xy)

g
no

o)

il

Finally, for Au, Ap, Aq we take the following linear combinations:

Au = Aalu + AA%

Ap = palp + wa?p (50)

Ap = viAlq + vyalg



()»i, ui, Vs are numerical parameters).
8. Numerical Determination of Parameters
For A'u, A'p, A q are valid the following expansions in powers of
h at the point M:

h2 d h d%p?
SEVIERIE A M LU s At VR DY

h3 1 dy (%Xq)
t o k" (0) +5 =gz FOO
3 dF,
+ = 3k'(0) \=—] + O(hY) , (51.a)
3! dh
M
alp o p @0k, B dpl(x)

dX 21 dX2 + hk'(O)F(M)

2 dF”
+5r KO F(M) + 5 2k'(0) 1} 4+ om) , (51.b)
“dh »

i h2 dFy
Aq = hF(M) +—7 2\3= dh + O(hd) . (51.c)

By comparing (50) and (51) and substituting k'(0), k''(0) in (46) we
obtain expansions in powers of h at the point M for Au, Ap, Aq

h? dp’(x) , b &p’(xy)
Au = (A + Ay) Elp (x1) + 5, 1 dx1 T3 @@

h2 dy® (x;) n a%y'(x)
- (A + 7\2) ax F(M) - (A1 + Ap) 31 —-—dTF(M)
n dy®(x,) dF dF .
-_3.:___dx1 x 3 xi——dhuxz—dlf M+O(H) , (52.a)




dp’(xy) , B° d*p’(xy)
Ap = (K1 + p) [h dx1 +_2_:'_dx2—1

d0 h2 d20
- (m + p) [h—%ﬁj‘—”F(M) -5 Sl F<M)]

h? dy(x,) dF7 dFy
-5 __Fx_l_z 1 TIJ' by _dﬁz' . + O(h}) , (52.b)

2 - -
Agq = (vg + Vz)hF(M) +"h— 2 twny dFl + vy sz + 0(h3) . {b2.¢c)
2! dh dh M

The selection of parameters is effected so that the corresponding expan-
sions of (52) and (45) coincide for an arbitrary function F(x,y) and arbitrary

step h. As a result of comparison of (52) and (45) we obtain the following
conditions:

Mt A=ty =gty =1, (53)
dF, dF, aF(M) | dy’(xq) 8F(M)
—_— —t = + 4
3<7‘1 a M dh> 2 5% & oy (54)
M
dF; ar;\ _ _ 0F(M) |, dy%(xs) 8F(M)
2 <“1 Th—Jr Ha W)M =2 ox R oy ’ (55)
dFy dFy\ _ 9F(M)
2 (”1 h " "d‘h—> = ex (56)
M
For the right sides of (54) through (56) we have:
oF _of of ~ ofdp 2Of
ox ox ouP " epox oaq
ﬂ = .?._f. 4 ﬁ q + if.. f + _8_f aj. ’
dy 0y 9du P 9q 9y
op _ ... A*p _dp'(x)  dy'(x) .
where e hllmO o T ax T & f; (57)



0 0
2q lim 4 (1) + A*q - q' (x4 + h)

lim 1 (%) + A*q - ¢"(x + h)
h— 0" k/h

| dd’(x) dy’( x)
Tl

From (57) it follows that:

9F (M) | dy’(x,) 8F (M)
ox dx oy

_ af dy'of  8f [
—|:2 8x+dx8y+8u<2p

dy® 0 of dp® dy’
— —_— —_ -2 f
+dxq> +8p<2dx dx

0
+—g—f<c;1+f> . (58)
q M

For the calculation of the left sides of (54) through (56) it is necessary
to find (d¢/dh) | for F(N), F(M% )F(N%)

2

dF(N) dF(x; + h, y; - k(h)) 8F(N) dk(h) 8F(N)
dh dh T dx dh ay

so that on the strength of (46) and (57)

arv ]| _[or av ot ot (o, &
[dh]M"[ax+dxay+au PT T g @

of dp’ of dq’
ot o1cq . 59
* op dx " 9q dx M (59)

Furthermore, from (51) it follows that:




da!
= pO (X1 ) ) <E£>

F(M)

S
2
L

o8
o,
=|
~Ne— S’
2
|

&

M

and from comparisons of 61u, 61p, 61q wit

<d61u> _ _q() \
dh M

(d_éira> _ 4%
dh M

1 0
<d6 q> _ _dq'(x) + F(M) . (61)
M

dh dx

From (48.a), using (60), we have

u . . .
—dF(MZ) = p‘] .a_f_. - 0-‘] _dZ;O a_f “+ a‘]po ?i
dh M ox dx oy ou

_fdp® dy’ [\ of jof
= L) = — . 62
+ ﬁ] (dx dx op Ty oq M (62)

v, = y1 - k(h), using (61), we have

-

From (48.b), where x, = x; + h,

[dF_(N};):lM - |:(1 " p_j>g—:-+ (1 - oj>dd—3}'f %

dh
" <%q§0 'V—j%““v_jf)g-ﬂM . (63)




Let us consider the condition (54). Its right side is given in (58) and the
left side can be expressed in the following form, using for this (47.a), (49.a),
(59), (62), and (63):

of _
3 5x (MT1F AaTy + Xgwap + Ag720)

of -, dy°
+ 3 g (Aq7q + AoTo = Agwo0 = 7\27’20') E

+

af
3 Fm I:(Mﬁ + AgTy + Agwyer) p°

+

- dy®
(AT1 + AgTy = AgTo@) Q° E:l

of dp’
3 £ [(?\171 + ATy + AgwiB) -

+

- d 0
(AgwoB + AgT5B) H};’? f]

of dq’
3 a—q[(?\iﬁ + AgTg = AgTgY) e

+

+

(Mqwyy + 7\sz')7)1“] . (64)

-

Here, all values are given at the point M and, for simplicity, all indices j = u
are omitted.

As in [1] we assume:

a=a, PB=B8, ~v=vy, p=p-1, o=c+1.(65)

Taking into account (53), (65) and equating (64) to the right part of (58),
we will obtain for the parameters at Au a system of equations (24) from [1].
Thus, the results of Table 1 of the article [1] remain valid for the parameters
at Au.

By considering analogously the conditions (55), (56) we will obtain for
the parameters at Ap, Aq the systems of equations (25), (26) from [1], so
that for the parameters at Ap, Aq the results of Table 2 of the article [1]
remain valid,

10




The scheme of calculations according to the proposed algorithms will
have a form analogous to (27), (28) from [1].
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